In this paper, we consider the following system:
Introduction and main result
In this paper, we mainly study the following system: Under some given conditions, we proved that (.) had at least one positive solution pair
In When N ≥ , they also assumed
They obtained infinitely many nontrivial solutions of (.) under the assumptions (H  ) to (H  ) by using variational arguments and a fountain theorem. Note that (.) implies
Therefore it is not difficult to verify that any (PS) sequence (or (C) c sequence) of the corresponding functional is bounded in some suitable space. The crucial part in the nonlinear boundary conditions case is to find the proper functional setting for (.) that allows us to treat our problem variationally. We accomplish this by defining a self-adjoint operator that takes into account the boundary conditions together with the equations and considering its fractional powers that satisfy a suitable 'integration by parts' formula. In order to obtain nontrivial solutions, we use a linking theorem (see [] ).
The assumptions we impose on f (x, t) and g(x, t) are as follows:
f (x, t) >  and g(x, t) >  for any (x, t) ∈ ∂ × (, +∞). http://www.boundaryvalueproblems.com/content/2013/1/159
where p, q >  and satisfy
where
Remark . By (.), there exist l and m with l 
but do not satisfy the usual (AR) condition and (H  ) in this paper.
Remark . The assumptions we impose on f and g are different from the assumptions in [] . To our best knowledge, it is the first time the group assumptions have been used to deal with a system with nonlinear boundary conditions.
In order to state our main result, first we give a definition. The main difficulties to deal with system (.) consist in at least three aspects. Firstly, due to the type of growth of the functions f and g, we cannot work with the usual H  ( ), and then we need fractional Sobolev spaces. Secondly, although we have a variational problem, the functional associated to it always has a strong indefinite quadratic part. So, the functional possesses no mountain-pass structure but the linking geometric structure, which is more complicated to handle. Thirdly, as we do not assume that the functions f and g satisfy the (AR) conditions, it is much more difficult to show that any (C) c sequence is uniformly bounded in E (see Section ).
To prove Theorem ., we try to find a critical point of the functional (see (.)) in E. We prove that has a linking geometric structure and use a linking theorem under (C) c condition (see Theorem . in [] ) to get a (C) c -sequence {z n } ⊂ E of . The main difficulty now will be to prove that {z n } is uniformly bounded in E without the (AR) condition. Then we prove that any (C) c -sequence {z n } ⊂ E of is bounded. To overcome this difficulty, we use some techniques used in [, ] for which the assumptions (H  ), (H  ) play important roles. As {z n } is bounded, then we can prove that {z n } has a subsequence which converges to a nontrivial critical point of . Hence, by the strong maximum principle, we can prove that the pair solution (u, v) is positive.
The paper is organized as follows. In Section , we give some preliminaries. We prove our main result in Section .
Some preliminaries
In this section we mainly give some preliminaries which will be used in Section . We follow the structure in [] .
Throughout this paper, we consider the space L  ( ) × L  (∂ ) which is a Hilbert space with the inner product, which we denote by ·, · , given by
Note that A is invertible with its inverse given by
where u is the solution of
By standard regularity (see [] ), it follows that A - is bounded and compact. Hence, 
Hence A is symmetric. Also we can check that A (and so A - ) is positive. For any u ∈ D(A)
and by Green's formula again, we have
Hence there is a sequence of eigenvalues (λ n ) ∈ R with eigenfunctions (
Now we consider the following fractional powers of A, i.e., for  < l < ,
, which is a Hilbert space under the inner product
and hence
Noting that is smooth, it follows from the results of p. in [] (see also [, ] ) that
The following compact result will be useful later.
and r ≥  so that
, the inclu-
is well defined and bounded. Moreover, if
, then the inclusion is compact.
, where l + m = , l, m are the same as in Remark . and define
Associated to B, we have the quadratic form
It is easy to see (one can refer to [] ) that the bounded self-adjoint operator L : E → E defined by (Lz, η) := B(z, η) has exactly two eigenvalues + and -, and that the corresponding eigenvalues E + and E -are given by
where we use the notation
The spaces E + and E -are orthogonal with respect to the bilinear B, that is,
Moreover, we have
) and
From (.), Remark . and Proposition ., we can define the functional H : E → R as 
Moreover, H is compact.
Proof From (.), Hölder's inequality and Proposition ., we have
Similarly, we have
Hence H is well defined and bounded in E. A standard argument yields that H is Fréchet differentiable with H continuous. By Proposition . we know that H is compact (see [] for the details).
Now we define the functional : E → R for (.) given by (z) = Q(z) -H(z). (.)
Moreover, is class C  (E, R).
Definition . We say that
is a critical point of . In other words, for every (ϕ, ψ) ∈ E, we have
Now we give a regularity result of an (l, m) weak solution.
In other words, (u, v) is a strong solution of (.). http://www.boundaryvalueproblems.com/content/2013/1/159
Proof Although the proof is only needed to make some minor modifications as that of Theorem . in [] , for the readers' convenience, we give its detailed proof. Let us consider ϕ =  in (.), then
If we take ψ ∈ H  ( ), then we have
On the other hand, by (.) and Proposition ., we have
∂ ). Then from basic elliptic theory (Theorem ., p., []) there exists one function
Then we get
From (.), (.) and (.), we have
which implies that u = w. We have gotten that u ∈ W , p p- ( ). Finally, since u = w, we conclude that u satisfies (.). We can make the same argument for v.
The proof of our main result
In this section, we mainly want to prove Theorem .. First we present a linking theorem from [] . Then we prove that it can be applied to our functional setting stated in Section .
Suppose that f (x, t), g(x, t) satisfy the assumptions (H  )-(H  ), then it is easy to see that for any >  there is a C >  such that for (x, t) ∈ ∂ × R  we have
and
Since f (x, t) = g(x, t) =  when t ≤ , (u, v) = (, ) ∈ E is a solution of (.). So we are interested in nontrivial and nonnegative solutions of (.).
Recall that {z n } ⊂ E is called a 
where {e k } is a total orthonormal sequence in H -. The topology generated by · τ will be
is contained in a finite-dimensional subspace of H. Admissible maps are defined similarly. Recall also that admissible maps and homotopies are necessarily continuous, and on bounded subsets of H the τ -topology coincides with the product topology of H -weak and H + strong . Let ∈ C  (H, R  ), R > r >  and z  ∈ H + \ {} and define For fixed z  ∈ E + \{} and R > r > , let
Lemma . There exist r >  and α >  such that | N r ≥ α.
By (.) and Proposition ., we have
Since p, q > , we have if z E = r is small enough,
for some α > .
Lemma . For the r given by Lemma . and any z
(ii) Assume that ρ > . We argue by contradiction. Suppose that there exists a sequence
then by the definitions of E
+ and E -, we have
Hence,
Therefore,
where denotes the weak convergence in E.
as n → ∞. Similarly, if δu  (x) +ψ(x) = , we have
as n → ∞. http://www.boundaryvalueproblems.com/content/2013/1/159
Note that
as n → +∞. Hence, by Proposition . we may assume, passing to a subsequence, that
as n → +∞. By (.), (.) and (H  ), taking limit in (.), using Fatou's lemma and the fact that lim inf n→∞ w 
which is impossible.
